Abstract. We describe explicit multiplicative excellent families of rational elliptic surfaces with Galois group isomorphic to the Weyl group of the root lattices E 7 or E 8 . The Weierstrass coefficients of each family are related by an invertible polynomial transformation to the generators of the multiplicative invariant ring of the associated Weyl group, given by the fundamental characters of the corresponding Lie group. As an application, we give examples of elliptic surfaces with multiplicative reduction and all sections defined over Q for most of the entries of fiber configurations and Mordell-Weil lattices in [OS], as well as examples of explicit polynomials with Galois group W (E 7 ) or W (E 8 ).
Introduction
Given an elliptic curve E over a field K, the determination of its Mordell-Weil group is a fundamental question in algebraic geometry and number theory. When K = k(t) is a rational function field in one variable, this question becomes a geometrical question of understanding sections of an elliptic surface with section. Lattice theoretic methods to attack this problem were described in [Sh1] . In particular, when E → P 1 t is a rational elliptic surface given as a minimal proper model of y 2 + a 1 (t)xy + a 3 (t)y = x 3 + a 2 (t)x 2 + a 4 (t)x + a 6 (t) with a i (t) ∈ k[t] of degree at most i, the possible configurations (types) of bad fibers and MordellWeil groups were analyzed by Oguiso and Shioda [OS] .
In [Sh2] , the second author studied sections for some families of elliptic surfaces with an additive fiber, by means of the specialization map, and obtained a relation between the coefficients of the Weierstrass equation and the fundamental invariants of the corresponding Weyl groups. This was expanded in [SU] , which studied families with a bad fiber of additive reduction more exhaustively. The formal notion of an excellent family was defined (see the next section), and the authors found excellent families for many of the "admissible" types.
The analysis of rational elliptic surfaces of high Mordell-Weil rank, but with a fiber of multiplicative reduction, is much more challenging. However, understanding this situation is arguably more fundamental, since if we write down a "random" elliptic surface, then with probability close to 1 it will have Mordell-Weil lattice E 8 and twelve nodal fibers (i.e. of multiplicative reduction). To be more precise, if we choose Weierstrass coefficients a i (t) of degree i, with coefficients chosen uniformly at random from among rational numbers (say) of height at most N , then as N → ∞ the surface will satisfy the above condition with probability approaching 1. One can make a similar statement for rational elliptic surfaces chosen to have Mordell-Weil lattice E * 7 , E * 6 , etc. In a recent work [Sh4] , this study was carried out for elliptic surfaces with a fiber of type I 3 and Mordell-Weil lattice isometric to E The idea of an excellent family is quite useful and important in number theory. An excellent family of algebraic varieties leads to a Galois extension F (µ)/F (λ) of two purely transcendental extensions of a number field F (say Q), with Galois group a desired finite group G. This setup has an immediate number theoretic application, since one may specialize the parameters λ and apply Hilbert's irreducibility theorem to obtain Galois extensions over Q with the same Galois group. Furthermore, we can make the construction effective if appropriate properties of the group G are known (see examples 8 and 19 for the case G = W (E 7 ) or W (E 8 )). At the same time, an excellent family will give rise to a split situation very easily, by specializing the parameters µ instead. For examples, in the situation considered in our paper, we obtain elliptic curves over Q(t) with MordellWeil rank 7 or 8 together with explicit generators for the Mordell-Weil group (see examples 7 and 18). There are also applications to geometric specialization or degeneration of the family. Therefore, it is desirable (but quite nontrivial) to construct explicit excellent families of algebraic varieties. Such a situation is quite rare in general: theoretically, any finite reflection group is a candidate, but it is not generally neatly related to an algebraic geometric family. Hilbert treated the case of the symmetric group S n , corresponding to families of zero-dimensional varieties. Not many examples were known before the (additive) excellent families for the Weyl groups of the exceptional Lie groups E 6 , E 7 and E 8 were given in [Sh2] , using the theory of Mordell-Weil lattices. Here, we finish the story for the multiplicative excellent families for these Weyl groups.
Mordell-Weil lattices and excellent families
Let X π → P 1 be an elliptic surface with section σ : P 1 → X, i.e. a proper relatively minimal model of its generic fiber, which is an elliptic curve. We denote the image of σ by O, which we take to be the zero section of the Néron model. We let F be the class of a fiber in Pic(X) ∼ = NS(X), and let the reducible fibers of π lie over ν 1 , . . . , ν k ∈ P 1 . The non-identity components of π −1 (ν i ) give rise to a sublattice T i of NS(X), which is (the negative of) a root lattice (see [Ko, T] ). The trivial lattice T is ZO ⊕ ZF ⊕ (⊕T i ), and we have the isomorphism MW(X/P 1 ) ∼ = NS(X)/T , which describes the Mordell-Weil group. In fact, one can induce a positive definite pairing on the Mordell-Weil group modulo torsion, by inducing it from the negative of the intersection pairing on NS(X). We refer the reader to [Sh1] for more details. In this paper, we will call ⊕T i the fibral lattice.
Next, we recall the notion of an excellent family with Galois group G from [SU] . Suppose X → A n is a family of algebraic varieties, varying with respect to n parameters λ 1 , . . . , λ n . The generic member of this family X λ is a variety over the rational function field k 0 = Q(λ). Let k = k 0 be the algebraic closure, and suppose that C(X λ ) is a group of algebraic cycles on X λ over the field k (in other words, it is a group of algebraic cycles on X λ × k0 k). Suppose in addition that there is an isomorphism φ λ : C(X λ ) ⊗ Q ∼ = V for a fixed vector space V , and C(X λ ) is preserved by the Galois group Gal(k/k 0 ). Then we have the Galois representation
We let k λ be the fixed field of the kernel of ρ λ , i.e. it is the smallest extension of k 0 over which the cycles of C(λ) are defined. We call it the splitting field of C(X λ ). Now let G be a finite reflection group acting on the space V . Definition 1. We say {X λ } is an excellent family with Galois group G if the following conditions hold:
(1) The image of ρ λ is equal to G.
There exists a basis {Z 1 , . . . , Z n } of C(X λ ) such that if we set u i = s(Z i ), then u 1 , . . . , u n are algebraically independent over Q.
As an example, for G = W (E 8 ), consider the following family of rational elliptic surfaces
It is shown in [Sh2] that this is an excellent family with Galois group G. The p i are related to the fundamental invariants of the Weyl group of E 8 , as is suggested by their degrees (subscripts).
We now define the notion of a multiplicative excellent family for a group G. As before, X → A n is a family of algebraic varieties, varying with respect to λ = (λ 1 , . . . , λ n ), and C(X λ ) is a group of algebraic cycles on X λ , isomorphic (via a fixed isomorphism) to a fixed abelian group M . The fields k 0 and k are as before, and we have a Galois representation
Suppose that G is a group acting on M .
Definition 2. We say {X λ } is a multiplicative excellent family with Galois group G if the following conditions hold:
Remark 3. Though we use similar notation, the specialization map s and the u i in the multiplicative case are quite different from the ones in the additive case. Intuitively, one may think of these as exponentiated versions of the corresponding objects in the additive case. However, we want the specialization map to be an algebraic morphism, and so in general (additive) excellent families specified by Definition 1 will be very different from multiplicative excellent families specified by Definition 2.
In our examples, G will be a finite reflection group acting on a lattice in Euclidean space, which will be our choice for M . However, what is relevant here is not the ring of (additive) invariants of G on the vector space spanned by M . Instead, note that the action of G on M gives rise to a "multiplicative" or "monomial" action of G on the group algebra Q[M ], and we will be interested in the polynomials on this space which are invariant under G. This is the subject of multiplicative invariant theory (see, for example, [L] ). In the case when G is the automorphism group of a root lattice or root system, multiplicative invariants were classically studied by using the terminology of "exponentiated" roots e α (for instance, see [B, Section VI.3] ).
3. The E 6 case
We now briefly describe the construction of multiplicative excellent family in [Sh4] . Consider the family of rational elliptic surfaces S λ with Weierstrass equation
with parameter λ = (p 0 , p 1 , p 2 , q 0 , q 1 , q 2 ). The surface S λ generically only has one reducible fiber at t = ∞, of type I 3 . Therefore, the Mordell-Weil lattice M λ of S λ is isomorphic to E * 6 . There are 54 minimal sections of height 4/3, and exactly half of them have the property that x and y are linear in t. If we have
then substituting these back in to the Weierstrass equation, we get a system of equations, and we may easily eliminate b, c, d from the system to get a monic equation of degree 27 (subject to a genericity assumption), which we write as Φ λ (a) = 0. Also, note that the specialization of a section of height 4/3 to the fiber at ∞ gives us a point on one of the two non-identity components of the special fiber of the Néron model (the same component for all the 27 sections). Identifying the smooth points of this component with G m × {1} ⊂ G m × (Z/3Z), the specialization map s takes the section to (−1/a, 1). Let the specializations be s i = −1/a i for 1 ≤ i ≤ 27. We have
Here ǫ i is the i'th elementary symmetric polynomial of the s i and ǫ −i that of the 1/s i . The coefficients of Φ λ (X) are polynomials in the coordinates of λ, and we may use the equations for ǫ 1 , ǫ 2 , ǫ 3 , ǫ 4 , ǫ −1 and ǫ −2 to solve for p 0 , . . . , q 3 . However, the resulting solution has ǫ −2 in the denominator. We may remedy this situation as follows: consider the construction of E * 6 as described in [Sh5] : let v 1 , . . . , v 6 be vectors in R 6 with v i , v j = δ ij + 1/3, and let u = ( v i )/3. The Z-span of v 1 , . . . , v 6 , u is a lattice L isometric to E * 6 . It is clear that v 1 , . . . , v 5 , u form a basis of L. Here, we choose an isometry between the Mordell-Weil lattice and the lattice L, and let the specializations of v 1 , . . . , v 6 , u be s 1 , . . . , s 6 , r respectively. These satisfy s 1 s 2 . . . s 6 = r 3 . The fifty-four nonzero minimal vectors of E * 6 split up into two cosets (modulo E 6 ) of twenty-seven each, of which we have chosen one. The specializations of these twenty-seven special sections are given by 
The explicit relation showing the second equality is as follows.
We make the following additional observation. The six fundamental representations of the Lie algebra E 6 correspond to the fundamental weights in the following diagram, which displays the standard labeling of these representations. The dimensions of these representations V 1 , . . . , V 6 are 27, 78, 351, 2925, 351, 27 respectively, and their characters are related to ǫ 1 , ǫ 2 , ǫ 3 , ǫ −1 , ǫ −2 , δ 1 by the following nice transformation.
This explains the reason for bringing in δ 1 into the picture, and also why there is a denominator when solving for p 0 , . . . , q 2 in terms of ǫ 1 , . . . , ǫ 4 , ǫ −1 , ǫ −2 , as remarked in [Sh4] . The coefficients ǫ j are essentially the characters of Λ j V , where V = V 1 is the first fundamental representation, while ǫ −j are those of Λ j V * , where
Therefore, from the expressions for ǫ 1 , ǫ 2 , ǫ 3 , ǫ −1 , ǫ −2 , we may obtain p 2 , q 2 , p 0 , q 1 , q 0 , in terms of the remaining variable p 1 , without introducing any denominators. However, representation V 2 cannot be obtained as a direct summand with multiplicity 1 from a tensor product of Λ j V (for 1 ≤ j ≤ 3) and Λ k V * (for 1 ≤ k ≤ 2). On the other hand, we do have the following isomorphism:
Therefore, we are able to solve for p 1 if we introduce a denominator of ǫ −2 , which is the character of V 5 .
4. The E 7 case 4.1. Results. Next, we exhibit a multiplicative excellent family for the Weyl group of E 7 . It is given by the Weierstrass equation
For generic λ = (p 0 , . . . , p 2 , q 0 , . . . , q 3 ), this rational elliptic surface X λ has a fiber of type I 2 at t = ∞, and no other reducible fibers. Hence, the Mordell-Weil group M λ is E * 7 . We note that any elliptic surface with a fiber of type I 2 can be put into this Weierstrass form (in general over a small degree algebraic extension of the ground field), after a fractional linear transformation of the parameter t, and Weierstrass transformations of x, y.
Lemma 4. The smooth part of the special fiber is isomorphic to the group scheme G m × Z/2Z. The identity component is the non-singular part of the curve y 2 + xy = x 3 . A section of height 2 has x-and y-coordinates polynomials of degrees 2 and 3 respectively, and its specialization at t = ∞ is (lim t→∞ (y + tx)/y, 0) ∈ k * × {0, 1}. A section of height 3/2 has x and y coordinates of the form
and specializes at t = ∞ to (c, 1).
Proof. First, observe that to get a local chart for the elliptic surface near t = ∞, we set x = x/u 2 , y = y/u 3 and t = 1/u, and look for u near 0. Therefore, the special fiber (before blow-up) is given byȳ 2 +xȳ =x 3 , wherex = x| u=0 andȳ = y| u=0 are the reductions of the coordinates at u = 0 respectively. It is an easy exercise to parametrize the smooth locus of this curve: it is given, for instance, byx = s/(s − 1) 2 ,ȳ = s/(s − 1) 3 . We then check that s = (ȳ +x)/ȳ and the map from the smooth locus to G m which takes the point (x,ȳ) to s is a homomorphism from the secant group law to multiplication in k * . This proves the first half of the lemma. Note that we could just as well have taken 1/s to be the parameter on G m ; our choice is a matter of convention. To prove the specialization law for sections of height 3/2, we may, for instance, take the sum of such a section Q with a section P of height 2 with specialization (s, 0). A direct calculation shows that the y-coordinate of the sum has top (quadratic) coefficient cs. Therefore the specialization of Q must have the form κc, where κ is a constant not depending on Q. Finally, the sum of two sections Q 1 and Q 2 of height 3/2 and having coefficients c 1 and c 2 for the t 2 term of their y-coordinates can be checked to specialize to (c 1 c 2 , 0). It follows that κ = ±1, and we take the plus sign as a convention. (It is easy to see that both choices of sign are legitimate, since the sections of height 2 generate a copy of E 7 , whereas the sections of height 3/2 lie in the nontrivial coset of E 7 in E * 7 ).
There are 56 sections of height 3/2, with x and y coordinates in the form above. Substituting the above formulas for x and y into the Weierstrass equation, we get the following system of equations.
We solve for a and b from the first and second equations, and then e from the third, assuming c = 1. Substituting these values back into the last two equations, we get two equations in the variables c and d. Taking the resultant of these two equations with respect to d, and dividing by c 30 (c 2 − 1) 4 , we obtain an equation of degree 56 in c, which is monic, reciprocal and has coefficients in Z[λ] = Z[p 0 , . . . , q 3 ]. We denote this polynomial by
where P ranges over the 56 minimal sections of height 3/2. It is clear that a, b, d, e are rational functions of c with coefficients in k 0 .
We have a Galois representation on the Mordell-Weil lattice
The splitting field k λ is equal to the splitting field of the polynomial Φ λ (X) over k 0 , since the Mordell-Weil group is generated by the 56 sections of smallest height
We also have that
We shall sometimes write e α , (for α ∈ E * 7 a minimal vector) to refer to the specializations of these sections c(P i ), for convenience.
Theorem 5. Assume that λ is generic over Q, i.e the coordinates p 0 , . . . , q 3 are algebraically independent over Q. Then
(2) The splitting field k λ is a purely transcendental extension of Q, isomorphic to the function field Q(Y ) of the toric hypersurface
There is an action of
is equal to the polynomial ring Q[λ]:
In fact, we shall prove an explicit, invertible polynomial relation between the Weierstrass coefficients λ and the fundamental characters for E 7 . Let V 1 , . . . , V 7 be the fundamental representations of E 7 , and χ 1 , . . . , χ 7 their characters (on a maximal torus), as labelled below. For a description of the fundamental modules for the exceptional Lie groups see [C, Section 13.8] .
Note that since the weight lattice E * 7 has been equipped with a nice set of generators (v 1 , . . . , v 7 , u) with v i = 3u (as in [Sh5] ), the characters χ 1 , . . . , χ 7 lie in the ring of Laurent polynomials
where s i corresponds to e vi and r to e u , and are obviously invariant under the (multiplicative) action of the Weyl group on this ring of Laurent polynomials. Explicit formulae for the χ i are given in the auxiliary files.
We also note that the roots of Φ λ are given by
Theorem 6. For generic λ over Q, we have
The transformation between these sets of generators is
with inverse
We note that our formulas agree with those of Eguchi and Sakai [ES] , who seem to derive these by using an ansatz.
Next, we describe two examples through specialization, one of "small Galois" (in which all sections are defined over Q[t]) and one with "big Galois" (which has Galois group the full Weyl group).
Example 7. The values
where µ = 2 · 3 · 5 · 7 · 11 · 13 · 17 = 102102, give rise to an elliptic surface for which we have r = 2, s 1 = 3, s 2 = 5, s 3 = 7, s 4 = 11, s 5 = 13, s 6 = 17, the simplest choice of multiplicatively independent elements. The Mordell-Weil group has a basis of sections for which c ∈ {3, 5, 7, 11, 13, 17, 15/2}. We write down their x-coordinates below:
x(P 1 ) = −(10/3)t − 707606695171055129/1563722760600 x(P 2 ) = −(26/5)t − 611410735289928023/1563722760600 x(P 3 ) = −(50/7)t − 513728975686763429/1563722760600 x(P 4 ) = −(122/11)t − 316023939417997169/1563722760600 x(P 5 ) = −(170/13)t − 216677827127591279/1563722760600 x(P 6 ) = −(290/17)t − 17562556436754779/1563722760600 x(P 7 ) = −(229/30)t − 140574879644393807/390930690150.
In the auxiliary files the x-and y-coordinates are listed, and it is verified that they satisfy the Weierstrass equation.
Example 8. The value λ = λ 0 := (1, 1, 1, 1, 1, 1, 1) gives rise to an explicit polynomial f (X) = Φ λ0 (X), given by 
for which we can show that the Galois group is the full group W (E 7 ), as follows. The reduction of f (X) modulo 7 shows that Frob 7 has cycle decomposition of type (7) 8 , and similarly, Frob 101 has cycle decomposition of type (3) 2 (5) 4 (15) 2 . This implies, as in [Sh3, Example 7.6] , that the Galois group is the entire Weyl group.
We can also describe degenerations of this family of rational elliptic surfaces X λ by the method of "vanishing roots", where we drop the genericity assumption, and consider the situation where the elliptic fibration might have additional reducible fibers. Let ψ : Y → A 7 be the finite surjective morphism associated to
For ξ = (s 1 , . . . , s 7 , r) ∈ Y , let the multiset Π ξ consist of the 126 elements s i /r and r/s i (for 1 ≤ i ≤ 7), s i /s j (for 1 ≤ i = j ≤ 7) and s i s j s k /r and r/(s i s j s k ) for 1 ≤ i < j < k ≤ 7, corresponding to the 126 roots of E 7 . Let 2ν(ξ) be the number of times 1 appears in Π ξ , which is also the multiplicity of 1 as a root of Ψ λ (X) (to be defined in Section 4.2), where λ = ψ(ξ). We call the associated roots of E 7 the vanishing roots, in analogy with vanishing cycles in the deformation of singularities. By abuse of notation we label the rational elliptic surface X λ as X ξ .
Theorem 9. The surface X ξ has new reducible fibers (necessarily at t = ∞) if and only if ν(ξ) > 0.
The number of roots in the root lattice T new is equal to 2ν(ξ), where T new := ⊕ v =∞ T v is the new part of the trivial lattice.
We may use this result to produce specializations with trivial lattice including A 1 , corresponding to the entries in the table of [OS, Section 1] . Note that in earlier work [Sh2, SU] , examples of rational elliptic surfaces were produced with a fiber of additive type, for instance, a fiber of type III (which contributes A 1 to the trivial lattice) or a fiber of type II. Using our excellent family, we can produce examples with the A 1 fiber being of multiplicative type I 2 and all other irreducible singular fibers being nodal (I 1 ). We list below those types which are not already covered by [Sh4] . Here I = √ −1.
Remark 10. For the examples in lines 58, 70 and 74 of the table, one can show that it is not possible to define a rational elliptic surface over Q in the form we have assumed, such that all the specializations s i , r are rational. However, there do exist examples with all sections defined over Q, not in the chosen Weierstrass form.
The surface with Weierstrass equation
has a 4-torsion section (0, 0) and a non-torsion section (c + 1)(t 2 − 1)/8, (c + 1) 2 (t − 1) 2 (t + 1)/32 of height 1/2, as well as two reducible fibers of type I 4 and a fiber of type I 2 . It is an example of type 58.
has a 4-torsion section (0, 0), and reducible fibers of types I 8 and I 2 . It is an example of type 70.
has two reducible fibers of type I 4 and two reducible fibers of type I 2 . It also has a 4-torsion section (0, 0) and a 2-torsion section (4t − 1)/8, (4t − 1) 2 /32 , which generate the Mordell-Weil group. It is an example of type 74. This last example is the universal elliptic curve with Z/4Z ⊕ Z/2Z torsion (compare [Ku] ). 4.2. Proofs. We start by considering the coefficients ǫ i of Φ λ (X); we know that (−1) i ǫ i is simply the i'th elementary symmetric polynomial in the 56 specializations s(P i ). One shows, either by explicit calculation with Laurent polynomials, or by calculating the decomposition of Λ i V (where V = V 7 is the 56-dimensional representation of E 7 ), and expressing its character as polynomials in the fundamental characters, the following formulae. Some more details are in Section 7 and the auxiliary files.
On the other hand, we can explicitly calculate the first few coefficients ǫ i of Φ λ (X) in terms of the Weierstrass coefficients, obtaining the following equations. Details for the method are in Section 6. Equating the two expressions we have obtained for each ǫ i , we get a system of seven equations, the first being
We label these equations (1), . . . , (7). The last few of these polynomial equations are somewhat complicated, and so to obtain a few simpler ones, we may consider the 126 sections of height 2, which we analyze as follows. Substituting
in to the Weierstrass equation, we get another system of equations:
a(p 2 + 3ac + 3b 2 ) = (2d + a)f + e 2 + be + cd + 1
The specialization of such a section at t = ∞ is 1 + a/d. Setting d = ar, we may as before eliminate other variables to obtain an equation of degree 126 for r. Substituting r = 1/(u − 1), we get a monic polynomial Ψ λ (X) = 0 of degree 126 for u. Note that the roots are given by elements of the form
As before, we can write the first few coefficients η i of Ψ λ in terms of λ = (p 0 , . . . , q 3 ), as well as in terms of the characters χ j , obtaining some more relations. We will only need the first two:
which we call (1 ′ ) and (2 ′ ) respectively. Now we consider the system of six equations (1) through (4), (1 ′ ) and (2 ′ ). These may be solved for (p 2 , p 0 , q 3 , q 2 , q 1 , q 0 ) in terms of the χ j and p 1 . Substituting this solution into the other three relations (5), (6) and (7), we obtain three equations for p 1 , of degrees 1, 2 and 3 respectively. These have a single common factor, linear in p 1 , which we then solve. This gives us the proof of Theorem 6.
The proof of Theorem 5 is now straightforward. Part (1) asserts that the image of ρ λ is surjective on to W (E 7 ): this follows from a standard Galois theoretic argument as follows. Let F be the fixed field of W (E 7 ) acting on k λ = Q(λ)(s 1 , . . . , s 6 , r) = Q(s 1 , . . . , s 6 , r), where the last equality follows from the explicit expression of λ = (p 0 , . . . , q 3 ) in terms of the χ i , which are in Q(s 1 , . . . , s 6 , r). Then we have that k 0 ⊂ F since p 0 , . . . , q 3 are polynomials in the χ i with rational coefficients, and the χ i are manifestly invariant under the Weyl group. Therefore [k λ :
where the latter equality is from Galois theory. Finally, [k λ :
. Therefore, equality is forced.
Another way to see that the Galois group is the full Weyl group is to demonstrate it for a specialization, such as Example 8, and use [Se, Section 9.2, Prop 2].
Next, let Y be the toric hypersurface given by s 1 . . . s 7 = r 3 . Its function field is the splitting field of Φ λ (X), as we remarked above. We have seen that Q(Y )
is also integral over Q [λ] , and contained in Q(Y )
is a polynomial ring, it is integrally closed in its ring of fractions. Therefore
We also know
, since the χ j are invariant under the Weyl group. Therefore, we have
and Theorem 6, which says
, implies that all these three rings are equal. This completes the proof of Theorem 5.
Remark 11. Note that this argument gives an independent proof of the fact that the ring of multiplicative invariants for W (E 7 ) is a polynomial ring over χ 1 , . . . , χ 7 . See [B, Théorème VI.3 .1 and Exemple 1] or [L, Theorem 3.6 .1] for the classical proof that the Weyl-orbit sums of a set of fundamental weights are a set of algebraically independent generators of the multiplicative invariant ring; from there to the fundamental characters is an easy exercise.
Remark 12. Now that we have found the explicit relation between the Weierstrass coefficients and the fundamental characters, we may go back and explore the "genericity condition" for this family to have Mordell-Weil lattice E * 7 . To do this we compute the discriminant of the cubic in x, after completing the square in y, and take the discriminant with respect to t of the resulting polynomial of degree 10. A computation shows that this discriminant factors as the cube of a polynomial A(λ) (which vanishes exactly when the family has a fiber of additive reduction, generically type II), times a polynomial B(λ), whose zero locus corresponds to the occurrence of a reducible multiplicative fiber. In fact, we calculate (for instance, by evaluating the split case), that B(λ) is the product of (e α − 1), where α runs over 126 roots of E 7 . We deduce by further analyzing the type II case that the condition to have Mordell-Weil lattice E * 7 is that
Note that this is essentially the expression which occurs in Weyl's denominator formula. In addition, the condition for having only multiplicative fibers is that Ψ λ (1) and A(λ) both be non-zero.
Finally, the proof of Theorem 9 follows immediately from the discussion in [Sh6, Sh7] (compare [Sh7, Section 2.3] for the additive reduction case).
5. The E 8 case 5.1. Results. Finally, we show a multiplicative excellent family for the Weyl group of E 8 . It is given by the Weierstrass equation
For generic λ = (p 0 , . . . , p 2 , q 0 , . . . , q 4 ), this rational elliptic surface X λ has no reducible fibers, only nodal I 1 fibers at twelve points, including t = ∞. We will use the specialization map at ∞. The Mordell-Weil lattice M λ is isomorphic to the lattice E 8 . Any rational elliptic surface with a multiplicative fiber of type I 1 may be put in the above form (over a small degree algebraic extension of the base field), after a fractional linear transformation of t and Weierstrass transformations of x, y.
Lemma 13. The smooth part of the special fiber is isomorphic to the group scheme G m . The identity component is the non-singular part of the curve y 2 = x 3 + x 2 . A section of height 2 has xand y-coordinates polynomials of degrees 2 and 3 respectively, and its specialization at t = ∞ may be taken as lim t→∞ (y + tx)/(y − tx) ∈ k * .
The proof of the lemma is similar to that in the E 7 case (and simpler!), and we omit it.
There are 240 sections of minimal height 2, with x and y coordinates of the form
Under the identification with G m of the special fiber of the Néron model, this section goes to (h + g)/(h − g). Substituting the above formulas for x and y into the Weierstrass equation, we get the following system of equations.
Setting h = gu, we eliminate other variables to obtain an equation of degree 240 for u. Finally, substituting in u = (v + 1)/(v − 1), we get a monic reciprocal equation Φ λ (X) = 0 satisfied by v, with coefficients in
where P ranges over the 240 minimal sections of height 2. It is clear that a, . . . , h are rational functions of v, with coefficients in k 0 .
Here Aut(E 8 ) ∼ = W (E 8 ), the Weyl group of type E 8 . The splitting field of M λ is the fixed field k λ of Ker(ρ λ ). By definition, Gal(k λ /k 0 ) ∼ = Im(ρ λ ). The splitting field k λ is equal to the splitting field of the polynomial Φ λ (X) over k 0 , since the Mordell-Weil group is generated by the 240 sections of smallest height
Theorem 14. Assume that λ is generic over Q, i.e the coordinates p 0 , . . . , q 4 are algebraically independent over Q. Then
(2) The splitting field k λ is a purely transcendental extension of Q, isomorphic to the function field Q(Y ) of the toric hypersurface Y ⊂ G 9 m defined by s 1 . . . s 8 = r 3 . There is an action of
The ring of W (E 8 )-invariants in the affine coordinate ring
As in the E 7 case, we prove an explicit, invertible polynomial relation between the Weierstrass coefficients λ and the fundamental characters for E 8 . Let V 1 , . . . , V 8 be the fundamental representations of E 8 , and χ 1 , . . . , χ 8 their characters as labelled below.
1 3 4 5 6 7 8 2 Again, for the set of generators of E 8 , we choose (as in [Sh5] ) vectors v 1 , . . . , v 8 , u with v i = 3u and let s i correspond to v i and r to u, so that s i = r 3 . The 240 roots of Φ λ (X) are given by
The characters χ 1 , . . . , χ 7 lie in the ring of Laurent polynomials Q[s i , r, 1/s i , 1/r], and are invariant under the multiplicative action of the Weyl group on this ring of Laurent polynomials. The χ i may be explicitly computed using the software LiE, as indicated in Section 7 and the auxiliary files.
Theorem 15. For generic λ over Q, we have
The transformation between these sets of generators is 
Remark 16. We omit the inverse for conciseness here; it is easily computed in a computer algebra system and is available in the auxiliary files.
Remark 17. As before, our explicit formulas are compatible with those in [ES] . Also, the proof of Theorem 14 gives another proof of the fact that the multiplicative invariants for W (E 8 ) are freely generated by the fundamental characters (or by the orbit sums of the fundamental weights).
Example 18. Let µ = (2 · 3 · 5 · 7 · 11 · 13 · 17 · 19) = 9699690.
These values give an elliptic surface for which we have r = 2, s 1 = 3, s 2 = 5, s 3 = 7, s 4 = 11, s 5 = 13, s 6 = 17, s 7 = 19, the simplest choice of multiplicatively independent elements. Here, the specializations of a basis are given by v ∈ {3, 5, 7, 11, 13, 17, 19, 15/2}. Once again, we list the x-coordinates of the corresponding sections, and leave the remainder of the verification to the auxiliary files.
x(P 1 ) = 3t 2 − (99950606190359/620780160)t + 4325327557647488120209649813/2642523476911718400
x(P 2 ) = (5/4)t 2 − (153332163637781/1655413760)t + 5414114237697608646836821/5138596941004800
x(P 3 ) = (7/9)t 2 − (203120672689603/2793510720)t + 6943164348569130636788638639/7927570430735155200
x(P 4 ) = (11/25)t 2 − (8564057914757/147804800)t + 115126372233675800396600989/155442557465395200
x(P 5 ) = (13/36)t 2 − (347479008951469/6385167360)t + 157133607680949617374030405417/221971972060584345600
x(P 6 ) = (17/64)t 2 − (1327421017414859/26486620160)t + 5942419292933021418457517303/8901131711702630400
x(P 7 ) = (19/81)t 2 − (489830985359431/10056638592)t + 46685137201743696441477454951/71348133876616396800
x(P 8 ) = (120/169)t 2 − (30706596009257/440806080)t + 76164443074828743662165466409/55823308449760051200.
Example 19. The value λ = λ 0 := (1, 1, 1, 1, 1, 1, 1, 1) gives rise to an explicit polynomial g(X) = Φ λ0 (X), for which we can show that the Galois group is W (E 8 ), as follows. The reduction of g(X) modulo 79 shows that Frob 79 has cycle decomposition of type (4) 2 (8) 29 , and similarly, Frob 179 has cycle decomposition of type (15) 16 . We deduce, as in [JKZ, Section 3] or [Sh8] , that the Galois group is the entire Weyl group. Since the coefficients of g(X) are large, we do not display it here, but it is included in the auxiliary files.
As in the case of E 7 , we can also describe degenerations of this family of rational elliptic surfaces X λ by the method of "vanishing roots", where we drop the genericity assumption, and consider the situation where the elliptic fibration might have additional reducible fibers. Let ψ : Y → A 8 be the finite surjective morphism associated to
For ξ = (s 1 , . . . , s 8 , r) ∈ Y , let the multiset Π ξ consist of the 240 elements s i and 1/s i (for 1 ≤ i ≤ 8), s i /s j (for 1 ≤ i = j ≤ 8), s i s j /r and r/(s i s j ) (for 1 ≤ i < j ≤ 8) and s i s j s k /r and r/(s i s j s k ) for 1 ≤ i < j < k ≤ 8, corresponding to the 240 roots of E 6 . Let 2ν(ξ) be the number of times 1 appears in Π ξ , which is also the multiplicity of 1 as a root of Φ λ (X), with λ = ψ(ξ). We call the associated roots of E 8 the vanishing roots, in analogy with vanishing cycles in the deformation of singularities. By abuse of notation we label the rational elliptic surface X λ as X ξ .
Theorem 20. The surface X ξ has new reducible fibers (necessarily at t = ∞) if and only if ν(ξ) > 0. The number of roots in the root lattice T new is equal to 2ν(ξ), where T new := ⊕ v =∞ T v is the new part of the trivial lattice.
We may use this result to produce specializations with trivial lattice corresponding to most of the entries of [OS] , and a nodal fiber. Below, we list those types which are not already covered by [Sh2, Sh4] or our examples for the E 7 case, which have an I 2 fiber. 
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A 3 ⊕ D 5 Z/4Z 1, 1, 1, I, I, I, I, −I Here ζ 3 , I and ζ 5 are primitive third, fourth and fifth roots of unity.
Remark 21. As before, for the examples in lines 63, 67 and 72 of the table, one can show that it is not possible to define a rational elliptic surface over Q in the form we have assumed, such that all the specializations s i , r are rational. However, there do exist examples with all sections defined over Q, not in the chosen Weierstrass form.
has a 3-torsion point (0, 0) and a fiber of type I 9 . It is an example of type 63.
has a 5-torsion section (0, 0) and two fibers of type I 5 . It is an example of type 67.
has a 4-torsion section (0, 0), and two fibers of types I 4 and I * 1 . It is an example of type 72. Remark 22. Our tables and the one in [Sh4] cover all the cases of [OS] , except lines 9, 27 and 73 of the table, with trivial lattice D 4 , E 6 and D 2 4 respectively. Since these have fibers with additive reduction, examples for them may be directly constructed using the families in [Sh2] . For instance, the elliptic surface
has two fibers of type I * 0 and Mordell-Weil group (Z/2Z) 2 . This covers line 73 of the table. For the other two cases, we refer the reader to the original examples of additive reduction in Section 3 of [Sh2] .
5.2. Proofs. The proof proceeds analogously to the E 7 case: with two differences: we only have one polynomial Φ λ (X) to work with (as opposed to having Φ λ (X) and Ψ λ (X)), and the equations are a good deal more complicated.
We first write down the relation between the coefficients ǫ i , 1 ≤ i ≤ 9, and the fundamental invariants χ j ; as before, we postpone the proofs to the auxiliary files and outline the idea in Section 7. Second, we write down the coefficients ǫ i in terms of λ = (p 0 , . . . , p 2 , q 0 , . . . , q 4 ); see Section 6 for an explanation of how this is carried out. In the interest of brevity, we do not write out either of these sets of equations, but relegate them to the auxiliary computer files. Finally, setting the corresponding expressions equal to each other, we obtain a set of equations (1) through (9).
To solve these equations, proceed as follows: first use (1) through (5) to solve for q 0 , . . . , q 4 in terms of χ j and p 0 , p 1 , p 2 . Substituting these in to the remaining equations, we obtain (6 ′ ) through (9 ′ ). These have low degree in p 0 , which we eliminate, obtaining equations of relatively small degrees in p 1 and p 2 . Finally, we take resultants with respect to p 1 , obtaining two equations for p 2 , of which the only common root is the one listed above. Working back, we solve for all the other variables, obtaining the system above and completing the proof of Theorem 15. The deduction of Theorem 14 now proceeds exactly as in the case of E 7 .
Remark 23. As in the E 7 case, once we find the explicit relation between the Weierstrass coefficients and the fundamental characters, we may go back and explore the "genericity condition" for this family to have Mordell-Weil lattice isomorphic to E 8 . To do this we compute the discriminant of the cubic in x, after completing the square in y, and take the discriminant with respect to t of the resulting polynomial of degree 11. A computation shows that this discriminant factors as the cube of a polynomial A(λ) (which vanishes exactly when the family has a fiber of additive reduction, generically type II), and the product of (e α − 1), where α runs over minimal vectors of E 8 . Again, the genericity condition to have Mordell-Weil lattice exactly E 8 is just the nonvanishing of
the expression which occurs in the Weyl denominator formula. Furthermore, the condition to have only multiplicative fibers is that Φ λ (1)A(λ) = 0.
As before, the proof of Theorem 20 follows immediately from the results of [Sh6, Sh7] , by degeneration from a flat family.
Resultants, Interpolation and Computations
We now explain a computational aid, used in obtaining the equations expressing the coefficients of Φ λ (for E 8 ) or Ψ λ (for E 7 ) in terms of the Weierstrass coefficients of the associated family of rational elliptic surfaces. We illustrate this using the system of equations obtained for sections of the E 8 family:
Setting h = gu and solving the first equation for g we have g = u 2 − 1. We solve the next three equations for c, d, e respectively. This leaves us with three equations R 1 (a, b, u) = R 2 (a, b, u) = R 3 (a, b, u) = 0. These have degrees 2, 2, 3 respectively in b. Taking the appropriate linear combination of R 1 and R 2 gives us an equation S 1 (a, b, u) = 0 which is linear in b. Similarly, we may use R 1 and R 3 to obtain another equation S 2 (a, b, u) = 0, linear in b. We write
The resultant of the first two polynomials gives us an equation Finally, we substitute u = (v + 1)/(v − 1) throughout, obtaining two equationsT 1 (a, v) = 0 and
Next, we would like to compute the resultant ofT 1 (a, v) andT 2 (a, v), which have degrees 8 and 9 with respect to a, to obtain a single equation satisfied by v. However, the polynomialsT 1 andT 2 are already fairly large (they take a few hundred kilobytes of memory), and since their degree in a is not too small, it is beyond the current reach of computer algebra systems such as gp/PARI or Magma to compute their resultant. It would take too long to compute their resultant, and another issue is that the resultant would take too much memory to store, certainly more than is available on the authors' computer systems (for instance, it would take more than 16GB of memory).
To circumvent this issue, what we shall do is to use several specializations of λ in Q 8 . Once we specialize, the polynomials take much less space to store, and the computations of the resultants becomes tremendously easier. Since the resultant can be computed via the Sylvester determinant whereT 1 (a, v) = a i (v)a i andT 2 (a, v) = b i (v)a i , we see that the resultant is a polynomial Z(v) = z i v i with coefficients z i being polynomials in the coefficients of the a i and the b j , which happen to be elements of Q[λ] (recall that λ = (p 0 , . . . , p 2 , q 0 , . . . , q 4 )). Furthermore, we can bound the degrees m i (j) of z i (v) with respect to the j'th coordinate of λ, by using explicit bounds on the multidegrees of the a i and b i . Therefore, by using Lagrange interpolation (with respect to the eight variables λ j ) we can reconstruct z i (v) from its specializations for various values of λ. The same method lets us show that Z(v) is divisible by v 22 (for instance, by showing that z 0 through z 21 are zero), and also by (v + 1) 80 (by first shifting v by 1 and then computing the Sylvester determinant, and proceeding as before), as well as by (v 2 + v + 1) 8 (this time, using cube roots of unity). Finally, it is clear that Z(v) is divisible by the square of the resultant G(v) of s 11 and s 10 with respect to a. Removing these extraneous factors, we get a polynomial Φ λ (v) which is monic and reciprocal of degree 240. We compute its top few coefficients by this interpolation method.
Finally, we note the interpolation method above in fact is completely rigorous. Namely, let ǫ i (λ) be the coefficient of v i in Φ λ (v), with bounds (m 1 , . . . , m 8 ) for its multidegree, and ǫ ′ i (λ) is the putative polynomial we have computed using Lagrange interpolation on a set L 1 × · · · × L 8 , where L i = {ℓ i,0 , . . . , ℓ i,mi } for 1 ≤ i ≤ 8 are sets of integers chosen generically enough to ensure that G(v) has the correct degree and that Z(v) is not divisible by any higher powers of v, v + 1 or v 2 + v + 1 than in the generic case. Then since ǫ j (ℓ 1,i1 , . . . , ℓ 8,i8 ) = ǫ ′ j (ℓ 1,i1 , . . . , ℓ 8,i8 ) for all choices of i 1 , . . . , i 8 , we see that the difference of these polynomials must vanish.
Representation theory, and some identities in Laurent polynomials
Finally, we demonstrate how to deduce the identities relating the coefficients of Φ E7,λ (X) or Ψ E7,λ (X) to the fundamental characters for E 7 (and similarly, the coefficients of Φ E8,λ(X) to the fundamental characters of E 8 ).
Conceptually, the simplest way to do this is to express the alternating powers of the 56-dimensional representation V 7 or the 133-dimensional representation V 1 in terms of the fundamental modules of E 7 and their tensor products. We know that the character χ 1 of V 1 is 7 + e α , where the sum is over the 126 roots of E 7 . Therefore we have (−1)η 1 = χ 1 − 7. For the next example, we consider Λ 2 V 1 = V 3 ⊕ V 1 . This gives rise to the equation η 2 + 7 · (−1)η 1 + 7 2 = χ 3 + χ 1 which gives the relation η 2 = χ 3 − 6χ 1 + 28.
A similar analysis can be carried out to obtain all the other identities used in our proofs, using the software LiE, available from http://www-math.univ-poitiers.fr/~maavl/LiE/.
A more explicit method is to compute the expressions for the χ i as Laurent polynomials in s 1 , . . . , s 6 , r (note that s 7 = r 3 /(s 1 . . . s 6 )), and then do the same for the ǫ i or η i . The latter calculation is simplified by computing the power sums (e α ) i (for α running over the smallest vectors of E * 7 or E 7 ), for 1 ≤ i ≤ 7 and then using Newton's formulas to convert to the elementary symmetric polynomials, which are (−1) i ǫ i or (−1) i η i . Finally, we check the identities by direct computation in the Laurent polynomial ring (it may be helpful to clear out denominators). This method has the advantage that we obtain explicit expressions for the χ i (and then for λ by Theorem 6) in terms of s 1 , . . . , s 6 , r, which may then be used to generate examples such as Example 7.
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